Abstract-The objective of this paper is development of a formation control and station keeping control law for a constellation of satellites in a circular orbit. It is shown that by utilizing feedback linearization or nonlinear compensation technique an efficient nonlinear control design strategy may be implemented that leads to solutions valid for larger set point regulation and station keeping problems. To assess the quality of the proposed control scheme, we compare its performance with that of linear and nonlinear design techniques in a number of simulation case studies. The obtained results demonstrate the capabilities of the proposed nonlinear technique as compared to other results available in the literature. Advantages and disadvantages of the proposed nonlinear control technique are also presented for formation control and station keeping.
INTRODUCTION raditionally, spacecraft orbits have been controlled by engineers on the ground, who command the spacecraft to perform open-loop thrust profiles designed to force optimal maneuver trajectories. Linear feedback control design is used primarily to counter small, unexpected perturbations and maintain the optimal trajectory. Autonomous formation flight became a reality for spacecraft on May 17, 2001, when NASA-Goddard's Earth Observing-1 spacecraft performed its first autonomous maneuver to maintain a one minute in-track separation with Landsat7. Such recent space encounters have paved the way for spacecraft formation flight for use in a number of varied scientific, military, and satellite service operations.
Spacecraft/satellite formation flying can be defined as the motion control of a group of spacecrafts/satellites where the space-vehicle positions relative to each other are of concern. Such satellite constellations in autonomous formation flight can decrease mission costs and increase performance, reliability, adaptability and survivability of space missions. Absolute station keeping vs. relative station keeping has several advantages and fewer disadvantages [1] [2] [3] [4] . One of the advantages is that a simpler, more robust and lesser fuel consuming controller can be implemented [5] [6] [7] . In relative station keeping approach, station keeping depends on interrelationship between related satellites. It heavily relies on the availability of a communication channel and bandwidth for data passing between different satellites. Complex commanding may lead to commanding errors and hence the chances of collision, often leading to a complex nonlinear control function for linear dynamical system models [8] [9] [10] . Most of the previous work in this area have considered controller design techniques for orbit control using only linear methodologies such as pole placement and LQR [5] [6] [7] .
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In this paper, we develop a control law using a nonlinear design technique for absolute station keeping for a fleet of three satellites. The remainder of this paper is organized as follows. Section II introduces the system dynamics and the specifics of the problem. Section III deals with design of state-feedback controller for the linearized model of the orbital dynamics using the conventional pole placement technique as a benchmark for case studies. Section IV deals with designing an orbital controller for the nonlinear model of the satellites using our proposed feedback linearization or nonlinear compensation technique. Section V compares the two approaches along with a Lyapunov based nonlinear approach developed in [8] with several case studies and formation flying scenarios. Section VI provides the pros and cons of using our proposed method and ends with a note on conclusion and future work.
II.
Dynamical Model The motion of a satellite around earth can be expressed by the two-body equation of relative motion, classical orbital elements or equinoctial orbital elements. In this paper we use the two-body equation of relative motion in polar coordinates for all purposes [11, 12] .
Consider a single satellite of mass that operates under the inverse law in the presence of a central gravitational body, earth of mass m M as shown in Figure 1 . With M m it is reasonable to assume that the central body is fixed in space and the planar equations of motion can be derived from either Newton's second law or Lagrange. Specifically, the dynamics of a constellation system with satellites may then be represented by a system of equations of motion as, 
III.
Controller Design using Pole Placement In this section we would be developing a state feedback orbital controller for the satellite models given by equation (1) . We first linearize the nonlinear satellite model around an operating point, recognizing that this model would remain valid for a small region around this operating condition. Since the satellite path we are interested in here is circular, we select the operating point as a convenient point on a circular orbit. The equivalent statespace representation of equation (1) A fundamental method of classical design consists of forcing the dominant closed loop poles of the above system to be suitably placed in the s plane to ensure satisfactory transient response.
Towards this end, we consider a constellation of 3 satellites each of mass of with thrusters for radial and transverse control. The satellites are deployed in an absolute formation at an altitude of and angular separation of . The objective of the individual/decentralized satellite controllers is to track the required radius and maintain angular separation by tracking the angle specifications and requirements that are assigned by an upper level supervisory controller. We now show that the state feedback control laws given below can achieve the above objective by appropriately selecting the controller gains, namely we set 
Therefore, the closed loop state space representation of the system may be given as, (7) with appropriate definitions for the above variables. Placing the four poles arbitrarily at and solving for (6) and (7) the controller gains may be obtained.
The external reference signals and that are to provide tracking commands for and
, respectively, are designed as follows, The above linear controller should actually be applied to the nonlinear system (1) in order to evaluate how it will perform in more realistic conditions and in the presence of nonlinearities. Applying the appropriate definitions of variables used for linearization of (1), the control law for the nonlinear state-space representation is now obtained.
Since,
, we have,
The external reference signals and for providing tracking for respectively, can be assigned as follows,
In the next section we will design a nonlinear orbital controller using feedback linearization or nonlinear compensation technique. Intuitively, the use of nonlinear control as opposed to the linear control should result in significant fuel savings. This saving should be particularly evident when feedback control is used to perform large maneuvers, where the nonlinear dynamical effects become more pronounced.
IV.
Controller Design using Feedback Linearization Technique The main concept of feedback linearization is to find a state feedback control law of the form
and a state space and coordinate transformation ) (x T z , if required, for a class of nonlinear systems of the form,
that will transform the nonlinear system into an equivalent linear system. This exact linearization approach is clearly more accurate than the one used in the previous section as no approximation is used. Assuming that the nonlinearities of the satellites are known precisely, we can now use the feedback linearization technique to exactly cancel the nonlinearities in the system. The ability to use feedback to convert a nonlinear state space representation into a controllable linear system by canceling nonlinearities requires that the nonlinear state representation have the structure
where A is 
D x
From the previous section we know that the linearized state space of the above equation is controllable and stabilizable. Matching the nonlinear state space representation of the satellite with the above general feedback linearizable equation, it follows clearly that it is in the feedback linearizable form. The following controls are designed to cancel the nonlinearities and convert the system into a linear state space representation form 3 
Substituting ( 
which is in the Jordan canonical form. 
Consequently, the reference set point signals that should be added to the resulting state space model for eliminating the error between the reference trajectories and the actual states are given by, 
V. Mission Simulation and Results
In the absolute station keeping method, also called as "box method", each satellite is maintained within tight limit of its nominal state. It is similar to the approach used byGlobal Positioning System (GPS) constellation and in the method proposed for the Iridium constellation [2] . Three satellites as specified in section 2 are launched in their respective orbits. To study the dynamic behavior of the satellites, we will introduce position error ) , ( r in one or all of the satellites, caused by for instance atmospheric drag, 2 drag and solar radiation pressure. The objective pursued here is to have these errors corrected by appropriate in-track and cross-track thruster firings governed by the control laws.
J (a) Case Study I:
The specific initial conditions, parameters and the situation considered in this case are provided in the table bellow: Fig. 2 . Operational radius of the 3 satellites achieved by using pole placement controller subject to initial perturbations shown in Table 1 . The specific parameters, initial conditions and the situation considered in this case are provided in the The controller in (12) designed using feedback compensation technique is used in this case. The results obtained are discussed subsequently. The purpose of this case study is to compare our proposed controller performance with a nonlinear formation control law obtained by using the Lyapunov's direct method in [8] . For the linearized satellite dynamics in (4) the following control laws are derived in [8] and given in (19) for reference 
Due to space limitations, the details are not included and the reader should refer to [8] for the specifics concerned with the derivation of the control scheme. The specific initial conditions, parameters and the situation considered in this case are provided in tables III and IV bellow: The control law developed in [8] allows no cross-track corrections for radial perturbations so no radial positioning errors have been introduced. In Table III , we consider the formation variables in equilibrium in the absence of any external perturbations. Fig. 9 . Operational radius of the 3 satellites using controller designed by the method in [8] . 
sat1 sat2 sat2 sat3 sat3 sat1 Fig. 10 . Inter-satellite spacing using controller designed by the method in [8] . In Table IV , we consider the formation variables with small perturbations in the azimuthal direction. Again, the control law (19) developed in [8] allows no cross-track corrections for radial perturbations so no radial positioning errors are introduced. Fig. 11 . Inter-satellite spacing using controller designed by the method in [8] .
In simulation case studies I and II, the orbital control is achieved through an absolute orbital controller configurations as developed in sections 2 and 3, respectively. The desired orbital position for each satellite is assumed to be uploaded by the ground segment. The objective of the above simulation scenarios is to demonstrate that the controller designed using our nonlinear compensation is tolerant to larger perturbations and has a much larger operating range than would otherwise be possible by the controller designed using linear pole placement and the nonlinear controller developed in [8] .
From Figures 2-7 it is observed that although both controllers perform well for correcting the perturbations, our proposed nonlinear controller has a more robust design. For case I, the system is stable for only perturbations within the range and 04 . 400 9 . 399 r 06 . 0 05 . 0 . The linear control approach, usually used for locally stable gain scheduling proves to be an extremely laborious and time consuming approach. For case II, the resultant closed loop system can be considered to be globally stable, limited only by capability of thrusters to deliver the control effort required for correcting large perturbations. Our nonlinear control methodology can allow the constellation to slowly fall before making corrections. In essence we can increase the size of the "box" within which each satellite is controlled. This in turn will have an effect on minimizing the thruster and actuator usage.
In simulation case III, orbital control is achieved in relative configuration, for 3 satellites, by the orbital controller developed in [8] . The control law derived using Lyapunov's second method lead to a complex nonlinear interaction between the satellites. Figures 8-10 show the behavior of the constellation in equilibrium. In Figure 11 all the satellites are minimally perturbed. Although the intersatellite spacing is not thrown into instability instantly, it shows a trend that would lead to a gradual drift and formation break-up if not corrected manually by the ground segment. Hence, it can be seen that although the control laws loosely hold the formation together they are unsuitable for large perturbation corrections. This approach is not only hard to analyze mathematically but also has a limited ability for precise formation keeping, that is, the group cannot maintain formation very well during the manoeuvres.
The advantages and disadvantages of using our proposed nonlinear methodology against the existing methods can be enumerated as follows:
Eliminates complex control functions and hence simplifies the commanding, reducing the risk of errors.
Increases the robustness to uncertain perturbations. Can be directly applied to nonlinear dynamics eliminating the cumbersome procedure of linearizing the nonlinear model specially when designing a gain scheduling controller.
In comparison with the Lyapunov's method [8] [9] [10] , in our approach there is no need to find an energy-type function which can be nontrivial and non-unique.
Numerical simulations for the cases investigated in this paper have shown that significant fuel savings can be achieved, particularly when making large maneuvers, where the nonlinear dynamics effects become more pronounced.
Disadvantages:
Exact mathematical cancellation of nonlinearities may be difficult to achieve due to parameter uncertainty, computational errors though it has been shown in [13] that the stabilizing component obtained using such feedback achieves a certain degree of robustness to modeling uncertainty.
Application is limited to dynamical systems that are feedback linearizable and the linearized model has to be controllable.
VI.
CONCLUSION In this paper we have proposed and investigated the use of nonlinear compensation technique in comparison to a linear (pole-placement) and a nonlinear (Lyapunov) design technique, for orbital formation control of 3 satellites in constellation. From a performance point of view, the decision to use feedback to compensate for the nonlinear terms of a system model in reality is subject to robustness concerns. We have demonstrated the application and utility of the proposed methodology using a number of simulation scenarios. The feedback gains of the controllers have been tuned to obtain required transient response and meet the control objective. Further investigation is needed to optimize the controller parameters for fuel minimization and equalization. Also, it remains to be seen how the proposed control law can be applied for relative/centralized station keeping. This work intends to be an attempt in exploring the use of feedback linearization techniques for decentralized satellite constellation maintenance, formation flight and station keeping.
